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Short proofs are presented for two results due respectively to Tutte and Welsh. 
Binary matroids have been characterized by Tutte as those matroids of rank r 
in which each flat of rank r -2 is contained in at most three hyperplanes (see 
Welsh [l] whose terminology will be used throughout this note). We give here a 
short proof of this rest;;, and also a direct argument for a characterization of 
graphic matroids stated by Welsh (see below). 
Tutte’s condition is clearly equivalent to the following one: 
(T) If two hyperplanes If, and H2 have an interj.ection of rank r -2, then the 
complement +&AH,) of their symmetric difference is I-I, n H2 or a hyperplane. 
This generalizes as follows, where Vi,JAj denotes -Aj,J(-Aj), that is the sym- 
metric difference of the Aj’S or its complement. depending only on the parity of 
I4 . 
Lemma 1. If (Hj)j,J is a family of hyperplanes in a binary matroid M ox a set S, 
then ViEJEIi is a flat of M. 
Proof. We may assume that M is represented in a vector space V of the same 
rank over GF(2). Then if the hyperplane of V generated by Hj has Ej = 0 as 
equation in some coordinate system, the characteristic function of Hj (with values 
in GF(2)) IS equal to E, + 1 restricted to S. From this, one concludes that Vj,JHjq 
having 1 + EjEJ Ej as characteristic function, is the intersection of S with either V 
or a hyperplane of V. 
8 2. Let M be a matrsid sati (T), and fix a basis k? =(biji,I 0f.M. Then 
each hyperplarre -li, where S=(iell hi&H) arrd 
h yperplane B\ei. 
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Proof. By recurrence on the number k of hi’s not in H. If k = 1 it is trivial. If 
k = 2, it is condition (T). For I: > 2, choose a hyperplane G of H containing 
B n H., and assume that 6 E B\H and c E B\(H U G U b). Put 
and similarly 
L=(iEZI bj$GUc}. 
By the recurrence, we have 
---_ 
GUb=iFKI-& and GUC=~$E&. 
Condition (T) implies: 
(1) .I=KAL, and also 
(2) 
If IKl+lq is even, the right member of (2) becomes 
and if IKl+ILI is odd, it becomes the complement. Now in (3) we suppress the 
Hi’s appearing twice, thus transforming (2) in what we want (using (1)). 
eorem (Tdtte). A matroid M of rank r on a set S is binary ijf M stztisfies 
condition (T). 
Prcrof. Sufjkiency. Choose in M a ba: is B = (b,, bar . . . , b,). Then associate to 
each element x of S the r-tuple of binary numbers (x,, x2,. . . , x,) defined by -_ 
Xi = 0 iff x E Hi E B\bi, thus forming a mapping f of S to a vector space over 
GF(2). Clearly f transforms the hyperplaues Hi of M into hyperplanes of the 
matroid ,II induced by V on the family f(S) of vectors. By the two lemmas, f must 
also transform each hyperplane, and thus each flat, of A4 into a flat of I\I” A 
classical and simple argument shows that f is an isomorphism from M into N 
because they have the same rank (see [ 1, p. 3101). 
We now turn to Welsh’s characterization of graphic matroids among binary 
ones. 
(Welsh [l]). A binary matroid M on a set S is graphic ifl it admits a 
2-complete basis (Ci)iEl of coci&ts. 
. Suficiency. Supposing that M is represented in a vector space V of the 
same rank over GF(2), we use the fact t at S\l$ generates a hyperplane Hi of V. 
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if Ei = 0 is the equation of Hi in some coordinate system, then the characteristic 
function of C’i is E, restricted to S. SO the fii’s are “independent” hyperplanes in 
maximum number, hence of the form B\6i where B = (bi)iEI is some basis of V. 
Xow the 2-completeness of (Ci)iel means that each element of S escapes to at 
most two of the Hi’s. Thus M is a restriction of the matroid IV induced by V on 
the set of (eventually repeated) vectors escaping to at most two of the Hi’s, The 
simple matroid associated to N is M(K,,), so M is graphic (where n - 1 is equal to 
the rank of V). 
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